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Abstract 
In present paper we studied effect of magnetohydrodynamic on boundary layer flow over an exponentially shrinking permeable 
sheet with slip condition, placed at the bottom of fluid saturated porous medium. The setup is subjected to suction to contain the 
vorticity in the boundary layer. The governing partial differential equations are reduced to ordinary differential equations by 
similarity transformations. The resulting system of nonlinear ordinary differential equations is solved numerically by fourth-order 
Runge-Kutta scheme together with shooting method. The pertinent findings displayed through figures and tables are discussed. 
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1. Introduction 
      The boundary layer flow over a stretching sheet has many applications such as extrusion, wire drawing, metal 
spinning, and hot rolling. Recently, the study on the flow over a shrinking sheet has garnered considerable attention. 
Crane [1] pioneered a closed form analytical solution for an incompressible fluid flow due to a linearly stretching 
sheet. The stretching surface flow problems has been studied for variety of assumptions pertaining to surface 
velocity (linear/ power law) and surface temperature (constant/variable) flux for the simple reason that optimal 
quality of desired component squarely depends on the shear and heat transfer rate at the sheet. The problem has also 
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been discussed for non-newtonian fluid, ferro-fluid and micro polar fluid and also by incorporating physical features 
like suction/injection, MHD, chemical reaction, and so forth [2– 6]. Several researchers made attempts to explore 
flow and heat transfer due to rather unusual exponential stretching surface. Magyari and Keller [7] discussed 
boundary layer flow due to an exponentially stretching sheet and bearing a variable temperature of exponential 
fashion. Elbashbeshy [8] furnished numerical findings about flow and heat transfer over an exponentially stretching 
surface subjected to mass suction. Exponentially stretching surface in the presence of magnetic field was analysed 
by Al-Odat et al. [9]. Partha et al. [10] considered dissipative mixed convection flow past an exponentially 
stretching surface. The problem was also extended to viscoelastic fluids by Sanjayanand and Khan [11], [12]. 
Looking at the literature of flow due to deforming boundary, one finds that flow due to shrinking boundary is still a 
relatively low explored area.  
All these investigations assume the conventional no-slip condition at the boundary. However, in some 
practical flow situations, the no-slip boundary condition needs to be replaced by a partial slip condition at the 
boundary. Nadeem, Hussain and Khan [13] discussed the HAM solutions for boundary layer flow in the region of 
the stagnation point towards a stretching sheet. Sajid and Hayat [14] studied the influence of thermal radiation on 
the boundary layer flow due to an exponentially stretching sheet. Fang, Zhang and Yao [15] analysis viscous flow 
over an unsteady shrinking sheet with mass transfer. Several researchers worked in MHD flow such as Vyas and 
Srivastava [16] discussed radiative MHD flow over a non-isothermal stretching sheet in a porous medium. Remus 
and Vasile [17] studied approximate solutions for steady boundary layer MHD viscous flow and radiative heat 
transfer over an exponentially porous stretching sheet. Bhattacharyya et al. [18] discussed analytic solution for 
magnetohydrodynamic boundary layer flow of casson fluid over a stretching/shrinking sheet with wall mass 
transfer. Kameswaran et al. [19] studied hydromagnetic nanofluid flow due to a stretching or shrinking sheet with 
viscous dissipation and chemical reaction effects. Haroun et al. [20] discussed on unsteady MHD mixed convection 
in a nanofluid due to a stretching/shrinking surface with suction/injection using the spectral relaxation method. Also 
Bachok et al. [21] studied boundary layer stagnation-point flow and heat transfer over an exponentially 
stretching/shrinking sheet in a nanofluid. 
The aim of this paper is to study the effect of magnetohydrodynamic on boundary layer flow over an 
exponentially shrinking permeable sheet with slip condition, placed at the bottom of fluid saturated porous medium. 
The equations with the boundary conditions are then solved numerically by fourth-order Runge-Kutta scheme 
together with shooting method. The pertinent findings are discussed graphically. 
2. Mathematical Formulation 
Let us consider the steady two-dimensional boundary layer flow of optically thick viscous newtonian fluid and 
associated heat transfer over a permeable sheet placed at the bottom of a fluid saturated porous medium having 
permeability of specific form. A cartesian coordinate system is chosen, where the x-axis is taken along the sheet and 
y-axis is normal to it. The flow is caused by the sheet shrinking in an exponential fashion. A suction is applied 
normal to sheet to contain the vorticity. The thermal conductivity of the fluid is assumed to vary linearly with 
temperature. The boundary layer equations for the considered setup are 
0
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where u, v are the velocity components along x and y directions, respectively, k(x) is the permeability, Cp is the 
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specific heat at constant pressure, υ is the kinematic viscosity, ρ is the density, and T, μ, and κ are the temperature, 
viscosity and thermal conductivity of the fluid, respectively. B(x) is magnetic parameter, α0 is slip parameter. 
Further, L is the characteristic length, Tw is the variable temperature at the sheet, T0 is the constant reference 
temperature, and T∞ is the constant free stream temperature. Uw and Vw are the shrinking velocity of the sheet and 
mass transfer velocity, respectively, where c > 0 is the shrinking constant and v0 is a constant (where v0 < 0 
corresponds to mass suction). 
3. Similarity Transformation 
We now introduce the stream function Ψ(x, y)  
,u v
y x
\ \w w  w w                                                                                                                                                      (5) 
Thus, equation (1) is identically satisfied and the similarity transformations can be written as   
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On using (5) and (6) we obtain the expressions for velocity components in non-dimensional form as   
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In order to obtain the similarity solutions, it is assumed that the permeability k of the porous medium takes the 
following form  
/
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where ko is reference permeability.  
Also we know that the magnetic parameter defined as 
/2
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We can write 
/2
0
x LeD D  (slip parameter). 
Following thermal conductivity of the fluid is assumed to vary with temperature in a linear fashion  
(1 )N N HTf                                                                                                                                                             (10) 
where ε is the thermal conductivity variation parameter. In general ε > 0 for fluids such as water and air, while ε < 0 
for fluids such as lubrication oils. It is further assumed that the temperature difference within the fluid is sufficiently 
small so that T4 may be expressed as a linear function of temperature T. This is done by expanding T4 in a Taylor 
series about T∞ and omitting higher-order terms to yield 
4 3 44 3 .T T T Tf f#                                                                                                                                                            (11) 
The momentum equation (2) and the energy equation (3) thus reduces to the following non-dimensional form 
2 2
2 2 2
'
' ' ' ' ' 2 ' ' 0
' ' ' ' ' Pr( ' ' ) ' 0
ff ff f M f
K
f f M Br fT HTT HT T T
     
      
                                                                                                   (12) 
with the boundary conditions 
00 : '( ) 1 '', ( ) , ( ) 1,
/ 2
: '( ) 0, ( ) 0
vf f f S
c L
f
K K D K T KX
K K T K
o       
of o o
                                                                                     (13) 
 
Where 
22
20 02, Pr , . ,
( )
p p
p W
C Cck B LUK Br M
L C T T c
P P V
X N N Uf f f    
                                                                                  (14) 
denote the permeability parameter, Prandtl number, Brinkmann number, and magnetic parameter, respectively. 
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4.  Numerical Solution 
The coupled and highly nonlinear boundary value problem (BVP) described by (12) and (13) is not 
amenable to analytic closed form solution, therefore we resorted to numerical solution. The BVP has been solved by 
fourth-order Runge-Kutta scheme together with shooting method. The essence of shooting method to solve a BVP is 
to first convert the BVP into system of initial value problems and make suitable guesses for the unknown quantities 
such that the end conditions of the solution space are satisfied.  
By making some transformations the BVP is reduced to the following system of initial value problems 
2 2
2 2 2
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under the boundary conditions      
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Here r1 = f’’ (0) and r2 = θ’ (0) are the initial guesses which are arbitrarily chosen and an iterative procedure is set to 
obtain solutions through Runge-Kutta fourth-order method. The computational procedure involved two challenges, 
firstly determination of η∞, that is, maximum value of η for which f’ (0) → 0 and θ(η) → 0 at η → ∞ and secondly 
proper estimates for the unknown quantities f’’ (0) and θ’ (0). It is not out of place to make remark that the “guesses” 
were made purely on hit and trial basis and their refinement was interpolated iteratively with the prescribed error 
tolerance. A grid independence study was also carried out to examine the effect of step size Δη and the edge of the 
boundary layer η∞ on the solution in the quest for their optimization. The ηmax , that is, η at infinity was so chosen 
that further changes in it do not produce changes in the values of f’’ (0) and θ’ (0) (constant till 10-7) boundary 
conditions are satisfied. A step size of Δη = 0.01 was found to be satisfactory for a convergence criterion of 10-7 in 
all cases. 
5. Result and Discussion 
The numerical computations carried out for different sets of values of the parameters entering into the 
problem have been depicted through graphs and tables. The analysis, besides the effect of parameters on flow and 
heat transfer, also aims to compute the range of mass suction for parameter-values required for laminar flow on the 
shrinking sheet. Here we are inclined to recall the works of Miklavˇciˇc and Wang [22] and Fang and Zhang [23] 
who discussed flow due to linear shrinking sheet in clear newtonian fluid. They reported that to facilitate the steady 
flow due to shrinking sheet mass suction parameter of strength greater or equal to 2 is required. Recently, 
Bhattacharyya [24] computed values of suction velocity for the flow due to exponentially shrinking sheet in clear 
fluid regime (K → ∞) and reported that laminar flow does not exist if the suction velocity is less than 2.266684. 
Here it is emphasized that due to exponential shrinking of the sheet, the vorticity grows rapidly in the boundary 
layer and tends to go beyond the boundary layer, hence an adequate mass suction is required for existence of the 
laminar flow. Further, here it is worth noting that in the present analysis the sheet is placed at the bottom of porous 
medium which offers resistance to fluid traversal inside the porous matrix and contributes in some way in fluid 
stability, hence one may expect rather low suction rate as compared to the case of clear fluid situation. 
From Table 1 we observe that as permeability parameter (K) increases, shear stress at η = 0 decreases. 
Table 2 depicts that as we increases slip parameter velocity, shear stress and rate of heat transfer increases 
(numerically) for η = 0 whereas temperature decreases. Figure 1 shows the variation in f’ (η) with respect to the 
suction velocity parameter S and magnetic parameter M2. For the first solution f’ (η) decreases numerically within 
the boundary layer for increasing values of suction parameter S and becomes zero at the edge of the momentum 
boundary layer for every value S. The profiles of second solution exhibit a similar pattern. The variation in f’ (η) for 
the different values of permeability parameter K, when the suction parameter is set as S = 2.4 for two different 
values of magnetic parameter as M2 = 0, 2. Is shown in Figure 2. 
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                                                 Table 1. Variation of K for M2 = 2 
Permeability Parameter (K) f’’ (0) 
10 2.514554 
20 2.496716 
100 
1000 
2.482284 
2.479017 
 
                                                Table 2. Variation of α when K=10, M=0, S=2.4, Pr=0.5, ε=0.01 
α f’ (0)  f’’ (0) θ(0) θ’ (0) 
0.0 
0.2 
0.4 
0.6 
-1 
-1.0004 
-1.0008 
-1.0012 
 0.31220 
0.31353 
0.31490 
0.31625 
0.001196 
0.001194 
0.001193 
0.001192 
-0.42262 
-0.42289 
-0.42361 
-0.42343 
0.8 -1.0016  0.31760 0.001190 -0.42370 
1.0 -1.0020  0.31896 0.001189 -0.42397 
 
 
 
                  Fig.1. Velocity profile for variation in S and M2.                                       Fig.2: Velocity profile for variation in K and M2.       
 
We observe that for the first solution f’ (η) increases numerically with the increasing values of K whereas f’ (η) 
decreases in the case of second solution for the increasing values of K. The figure also reveals that effect of 
permeability is more significant on the second solution as compared to the first solution. 
Variations in shear stress f’’ (η) in the boundary layer region for the suction parameter values and magnetic 
parameter are shown in Figure 3. For the first solution, shear stress in the vicinity of the wall increases with the 
increasing values of suction parameter S but at some critical distance from the wall, f’’ (η) decays with the increasing 
values of S. However, opposite trends in f’’ (η) are observed in the case of second solution for increasing values of S. 
The variation in f’ (η) for the different values of magnetic parameter M2, when the suction parameter is set as S = 2.4 
and Permeability parameter set as K=10, is shown in Figure 4. We see that f’ (η) increases numerically with the 
increasing values of M2.  
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           Fig.3. Shear stress profile for variation in S and M2.                                                Fig.4. Velocity profile for variation in M2.                              
 
               Fig.5. Shear stress profile for variation in K and M2.                                      Fig.6. Temperature profile for variation in M2.     
 
Figure 5 depicts the effect of permeability parameter K and magnetic parameter M2 on shear stress f’’ (η) in the 
boundary layer. We observe that for the first solution, f’’ (η) decreases near the wall for the increasing values of K 
and M2. For the second solution, f’’ (η) increases with increasing K near the wall. However, variations in f’’ (η) are 
reversed for variation in K in both the solutions at a certain distance from the wall. The figure also reveals that effect 
of K on f’’ (η) is more pronounced for the second solution as compared to that of the first one. 
Figure 6 displays variation in temperature for varying values of magnetic parameter M2. We see that the 
effect of magnetic parameter M2 on θ(η). It is observed that when the values of M2 is increases θ(η) decreases 
numerically. Figure 7 exhibits temperature profiles for various suction values and for M2=0, 2. It is clear from the 
figure that the temperature θ(η) for the first solution decays with the increasing values of suction parameter S 
whereas in the second solution case we find that θ(η) increases with the increasing values of S. We also observe that 
for the same set of suction values, the thermal boundary layer is thicker for the second solution compared to that of 
first solution. Figure 8 displays variation in temperature for varying values of permeability parameter K for different 
values of magnetic parameter (M2).We see that the effect of permeability K on θ(η) is insignificant for the first 
solution whereas permeability has pronounced effect on temperature for second solution as can be seen in the graph 
for M2 =2. 
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               Fig.7. Temperature profile for variation in S and M2.                                Fig.8. Temperature profile for variation in K and M2.     
 
 
                Fig.9. Temperature profile for variation in Pr and M2.                                 Fig.10. Temperature profile for variation in ε and M2.     
 
Figure 9 shows the variation of temperature θ(η) for different values of the Prandtl number Pr and variation 
of magnetic parameter (M2). We see that for both solutions, θ(η) decays with the increasing Pr values. However it is 
interesting to note that thermal boundary layer for the first solution is thicker as compared to that of second solution 
for all Pr and magnetic parameter (M2) values under consideration. 
Figure 10 displays the effect of thermal conductivity parameter ε on temperature. It is observed that θ(η) increases 
with an increase in parameter ε whereas it decreases when magnetic parameter M2 increases. 
 
6. Conclusion 
We have investigated the effect of magnetohydrodynamic on boundary layer flow over an exponentially 
shrinking permeable sheet with slip condition, placed at the bottom of fluid saturated porous medium. The effects of 
various parameters on the flow and heat transfer are observed from the graphs, and are summarized as follows: 
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x The velocity profile decreases for the first solution and second solution numerically within the boundary 
layer for increasing values of suction parameter S and increases numerically for increasing values of 
magnetic parameter M2. 
x The shear stress decreases for the second solution but increases for the first solution for increasing values 
of suction parameter S. But exactly opposite results observe for permeability parameter K. 
x Temperature profile decreases as we increase the values magnetic parameter M2 or Prandtl number Pr or 
parameter ε for both the solutions. 
x Temperature profile decreases for the first solution and increases for the second solution numerically for 
increasing values of suction parameter S also temperature profile shows opposite results for the increasing 
values of permeability parameter K.  
x Shear stress increases, velocity profile and temperature profile decreases as we increase slip parameter α. 
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